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Abstract. We prove a formula for a characteristic polynomial of an operator 
expressed as a polynomial of rank 1 operators. The formula uses a discrete 
analog of path integration and implies a generalization of the Forman-Kenyon's 
formula for a determinant of the graph Laplacian [9] [7] (which, in its turn, 
implies the famous matrix-tree theorem by Kirchhoff) as well as its level 2 
analog, where the summation is performed over triangulated nodal surfaces 
with boundary. 



Introduction 

The primary impulse to write this article was the famous Matrix-tree theorem 
(MTT), first discovered by Kirchhoff [10] in 1847 and re-proved more than a dozen 
times since then. The theorem in its simplest form expresses the number of spanning 
trees in a graph as a determinant of a suitably chosen matrix M. See [Sj for a review 
of existing proofs and generalizations. One of the proofs, given in [3J, makes use of 
the fact that the matrix in question is a weighted sum of special rank 1 matrices 
(identity minus reflection) . This structure of M explains why the MTT appeares 
sometimes in quite unexpected contexts (see [4] for just an example) . 

Let M be an operator expressed explicitly as a noncommutative polynomial of 
arbitrary operators Mi of rank 1. The article contains a formula (Theorem II. ip 
for the characterstic polynomial of M in terms of Mi. Corollaries of the formula 
include the MTT (cf, Corollary OJ) , the D-analog of the MTT ([3J, cf. Corollary 
II. 4[) . a formula for the determinant of the Laplacian of a line bundle on a graph 
[71 [5] (Section ll.2.21 actually, we compute the whole characteristic polynomial), and 
a level 2 analog of the formula from [7] proved in Sections 11.2.31 and 12.31 

The right-hand side of the main formula (jl.4[) involve summation over the graphs 
consisting of several cycles and/or several chains. The summand (the weight Wp, 
see (|1.2[l ) is a function on edges of the graph obtained also by symmation over the 
set of paths joining the endpoints of the edge. Consequently, corollaries of the main 
theorem involve summation over various objects, including trees (the MTT), hyper- 
trees (the Massbaum-Vaintrob theorem), cycle-rooted trees (the Forman-Kenyon 
formula) and nodal surfaces with boundary (the level 2 analog from Section ri.2.3p . 
The standard expression of a determinant via summation over the permutation 
group also follows from Theorem ll.il — see Section [l.2.1l 

Structure of the article. Section 11.11 contains the formulation and the proof of the 
main theorem (Theorem 11.11) . Section 11.21 lists several corollaries of the theorem. 
Some corollaries are proved immediately, proofs of some others require not some 
additional reasoning, which is given in Section [5J Section 12.11 contains technical 
lemmas (including a duality lemma 12.51 for the angle between two subspaces of a 
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Euclidean space) . Section 12.21 contains the proof of the generalization of Forman's 
formula (Theorem II .2[) . and Section T2.3I is devoted to the proof of Theorem 11.91 
about the level 2 analog of the graph Laplacian. 

Open questions and future research. Generalizations of the matrix-tree theorem 
are plentiful and versatile (see e.g. [6] and the references therein), and Theorem 
11.11 covers surprisingly many of them. Nevertheless, there are numerous results in 
the field whose relations with the discrete path integration technique are yet to be 
clarified. One of such results is the Hyperpfaffian-cactus theorem by A.Abdessalam 
PQ; it is a generalization of the Pfaffian Hypertree theorem of [11]. The latter 
theorem is not included into this paper but was proved in [3] by a method close 
to Theorem ll.il (the original proof due to G.Massbaum and A.Vaintrob was quite 
different); we were unable, though, to extend this proof to hyperpfaffians. Also, 
some results of the MTT type appear in the theory of determinantal point processes, 
see [5] and [2]. It would be interesting to know whether these results are covered 
by Theorem 1 1.1 1 or by its suitable generalization. 

The summation in Theorem 1 1.1 1 is performed over the set of graphs that deserve 
to be called "discrete 1-manifolds" (oriented, possibly with boundary). The sum- 
mand is obtained by a procedure which is quite natural to understand as a "discrete 
path integration" . A tempting direction of the future research here is to send di- 
mension to infinity, getting "real" path integration and summation over 2-varieties. 
The author plans to write a special paper about this. 

1. Sums of operators of rank 1 

1.1. The main theorem. Let V be a vector space of dimension n with a scalar 
product (•, •). Choose an integer N and fix two sequences of vectors, e±, . . . , ejv £ V 
and ai,...,ajv G V. For any i denote by M, the operator given by Mj(w) = 
(ai,v)ei\ one has rkM^ = 1 or M, = 0. Consider an operator 

(1.1) M = P(M 1 ,...,M N ) 
where 

k 

P(Xi , ■ ■ ■ , Xjy) = S ' S ' Pi 1 ....,i a Xi 1 . . . Xi B 

s=l l<i l ,...,i s <N 

is a noncommutative polynomial of degree fc. This section contains a description of 
the characteristic polynomial char m if) of the operator M. 

Let G be a finite graph with the vertices 1, 2, . . . , N; let a and b be its vertices. 
Define the weight Wp(a, b) by 

k 

(1.2) W P (a,b)=^2 X] Pii,-..,i 3 ( Qf i2) e ii)(Q i i3,e i2 )...(ai s ,e is _ 1 ), 

s—l i\— a,i2,-")is= b 

(the internal summation is taken over the set of paths . . . ,i s of length s joining 
the vertices a — i\ and b = i s ). Also, denote 

(1.3) W P (G) d = [] W P (a,b) 

(a, b) is an edge of G 

A directed graph G with the vertices 1, 2, . . . , N is called a discrete oriented one- 
dimensional manifold with (possibly empty) boundary (abbreviated as DOOMB) if 
every its connected component is either an oriented chain (a graph with £ distinct 
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vectices ii,...,ie and the edges are (ii,«2), («2,*3), or an oriented 

cycle (the same edges but the vertices are it,.,., ii-i and ii = 

Theorem 1.1. char M (t) = ELoM) Vfc^" +1 ~ fc where 

(1.4) Mfe = Y, W P (G)det((a d -,e 4 )). 

GET> n ,k 

Here T> n ,k is the set of DOOMBs with the vertices 1,2, ... ,n and k edges; d\ and 
(i 2 run through the set of all edges of the graph G; d~ and d + are the initial and 
the terminal vertex of the directed edge d. 

Remark . The main theorem of [3] is a particular case of Theorem 11.11 

Proof. Consider an orthonormal basis U\, . . . ,u n £ V and fix a sequence ji, . . . 
l< ]!<■■■< 3k <N. Then 

k / s q \ 

M{u h a ••• Au jk ) = y n [Pi["\...,i^ n < a 4^ > e i^ x ) ) 

l<m<s q ,l<q<k 
k 

x iik^ ' u ii) x e l i i 1 ) a • • • a e 2 < fc ) 



y y n ( pi[*\...A«i n - ) 



l<m<s g ,l<g<fc. 
i< 1J <...«<*> 
k 

x s n ' ^-(^ ) x %\ ] a • • ■ a e 4 < fc L » 

ffSSfc 9=1 

The coefficient at A • • • A Uj k in M(uj 1 A • • • A ) is then equal to 

y y n (^,..,4? n< a #>' e i<.*.\>) 

si,...,s fc Ki(i)<Ar 9 =1 \ r = 2 / 



x det((a Ai),Uj r })i< q , r <k x det((uj r .,e.( a )))i< 9>r <fc. 



Hence 



(1.5) ^ = TrM* fc = J] ^ II bi« (jllW"'^') 

si,...,s fc L<iC«)<JV 9=1 ^ 9 r ^ 2 ' 

l<m<s g ,l<g<A;, 

x det((a M ,e ,u)})i< g , r <fe 

A multi-index i^\ . . . ,i{ q J, 1 < q < fc, can be interpreted as a directed graph 
G with the edges (4 , ia*'), 1 < 9 < fc, and a path • • • , joining endpoints 
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eL = and d + = if^ of every edge. Conversely, a graph plus collection of paths 
is just the multi-index. So one can rearrange summation in (jl.5[) to sum over the 
graphs G first, and then over the set of all paths for a given graph, getting W(G) 
times the determinant. The determinant may be nonzero only if no two and 
no two ii q J are equal. Thus, in a graph G entering the sum every vertex has at 
most one outgoing edge and at most one incoming edge. This means that G is a 
DOOMB. □ 

1.2. Graph Laplacians and other examples. Here are some corollaries of The- 
orem [Li] 



1.2.1. Determinants. It's a funny result demonstrating the nature of Theorem ll.il 

def , 

iij — — Ui and aij 



Let m, ■ . . , u n be an orthonormal basis in K n . Take ey = f = Ui and ' ' 



for all 1 < z,j < n. Take 

n 

^(•^11) ■ • ■ ,^im) — ^ OijXij 
ij = l 

and apply Theorem 11.11 The matrix of the opertor M in the basis u\, . . . , u n is 
(ay). The polynomial P is linear, so the paths entering equation (|1.2[) all lave length 
1. Consequently, the DOOMB G of (|1.4|) must be a union of k loops attached 
to the vertices {i\,jx), ■ ■ ■ , {ikijk)- So the summation in (|1.4[) is over the set of 
unordered fc-tuples . . . , (ik,jk) with 1 < i s ,j s < N for all s. In other 

words, the summation is over the set of graphs F with the vertices 1,2, ... ,n and 
k unnumbered directed edges (loops are allowed). 

One has (aij,eki) — Sjk, so the contribution of a graph F into (|1.4p is equal 
to a il j 1 . . .a ik j k det((5i pj9 )J^p^. It is easy to see that the determinant is nonzero 
only if all the i p and all the j q are distinct (else the matrix has identical rows or 

columns), and for every q there is p = f <r(q) such that j q = i p (else a matrix has a 
zero row). If these conditions are satisfied, the determinant is obviously (— l) s s n ( cr ) 
where sgn(er) is the parity of the permutation a. Hence, Theorem 1 1.1 1 in this case is 
reduced to the usual formula expressing coefficients of the characteristic polynomial 
of the operator via its matrix elements. 

1.2.2. Graph Laplacians. Let F be a directed graph without loops. Following [9], 
give the following definition: 

Definition. A line bundle with connection on F is a function attaching a number 
tp e ^ to every directed edge e of the graph. By definition, also take tp- e — ip^ 1 
where — e is the edge e with the direction reversed. 

To explain the name, attach a one-dimensional space R (a fiber of the bundle) to 
every vertex of F and interpret the number tp e as the 1 x 1-matrix of the operator 

of parallel transport along the edge e. For a path A = (ei, . . . , e^) denote ip\ = f 
(p ei . . .ip ek (the operator of parallel transport along A). If the path A is a cycle 
then tp\ is called a holonomy of the cycle. 

Suppose now that F has the vertices 1, 2, . . . , n and no multiple edges. Supply 
also every edge (z, j) of H with a weight cy = Cji. Take = n(n — l)/2, 

(1.6) P{x\2, ■ . ■ ,X n -l,n) = C l jX i j , 

l<i<j<n 
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and eij — Ui — fijUj and = ut — ipjiUj), and consider the operator M like in 
If v = J^ILi v i u i then 

n 

(1.7) M(w) = ^2 Cjjjvi ~ <PjjVj)(ui ~ PijUj) = y^"iy^ c »j(^ " <PjjVj)- 

l<i<j<n i—1 j^i 

The operator M is called in [9] a Laplacian of the bundle. 

Call a graph _F a mixed forest if every its connected component is either a tree 
or a graph with one cycle (a connected graph with the number of vertices equal to 
the number of edges). The graphs where each component contains one cycle are 
called cycle-rooted spanning forests (CRSF) in [9]; hence the name "mixed forest" 
here. 

The following corollary of Theorem 11.11 generalizes the Matrix-CRSF theorem of 
and [3]: 

Theorem 1.2. The characteristic polynomial of the Laplacian (jTTTJ) of a line bundle 
on a graph is equal to X)fc=o( — -0 Mfc* where 

n-k i 

(1.8) Mfc = n c P , 

FeMF n:k ,e (pq) is i=l j=l 

an edge of F 

Here AiTn.k.i is the set of mixed forests containing n vertices, k edges and split 
into n — k tree components and £ one-cycle componenets; m.i is the number of edges 
in the i-th component, and Wj is the holonomy of the cycle in the j-th component. 

A special case of Theorem 11.21 arises if cpij — 1 for all i,j. Then Q1.7P implies 
M = X)i<p<q<n c p<?(1 ~ a pq) w here a pq is a reflection exchanging the p-th and the 
q-th coordinate: a p {u v ) — u q , a pq {u q ) — u p and a pq (ui) — Ui for i ^ p,q. The 
reflections a pq generate the Coxeter group A n . The holonomies here are all equal 
to 1 , so a mixed forest entering a summation in Theorem 11.21 cannot have cycles 
and should be a "real" forest: 

Corollary 1.3. The characteristic polynomial of the operator M — J2i< P < q < n ~i c pq(^~ 
a pq ) is equal to X]fc=o( — ^) k l i kt k where 

n — k 

A**; = n c pi n + x )- 

FEF n ,k (pq) is 1=1 
an edge of F 

Here Tn.k is the set of forests with n vertices, k edges and n — k components; mi 
is the number of edges in the i-th component. 

Apparently, det M = (there are no forests with n vertices and n edges), so the 
summation is indeed up to k = n — 1 . This corollary follows also from the classical 
Principal Minors Matrix- Tree Theorem, see e.g. [B] for proofs and related results. 

Another possibility is to join every pair of vertices with two edges: (i,j)- 
with (p~j — 1 ("a — edge", because e~ = Ui — Uj) and (i,j)+ with ipfj = — 1 ("a 
+- edge" because = Ui + Uj); the weights are Cy and cZ, respectively. The 
holonomy of a cycle is w — (— l) d where d is the number of -(--edges in the cycle. 
By (fL7)) . M = J2i< P<q <n c pq( l ~ a pq) + Cpqi 1 - T pq) where a pq is as before and r pq 
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is a reflection mapping T pq (u p ) = —u q , T pq {u q ) — —u p and T pq (ui) — u, for i ^ p,q; 
the reflections a and r generate a Coxeter group D n . So one has 

Corollary 1.4. The characteristic polynomial of the operator 

1 <p<g<n 

is equal to X^fe=o( — -0 ftkt where 

n—k 

' lk = £ II c pgll( mi + 1 )- 

FzMTVn^j (pq) B is i=l 
an edge of F 

Here MJ~"D n ,kJ * s ^ e se ^ of mixed forests with k edges (pq) s , n — k tree components 
and £ one-cycle components such that the number of +- edges in every cycle is odd; 
mi is the number of edges in the i-th components. 

This corollary generalizes [3j Theorem 3.2]. 

1.2.3. The level 2 Laplacian. Take up the same setting as in Section 11.2.21 (a line 
bundle with a connection over a graph F), and take 

(1.9) P{x\2j ■ • • ; *£n — l,n) — ^ ^ijki^ij^ik •Eik^ij) ^ Cijk%ij%ik i 

l<i<n, l<2,j\fc<n 
l<j<k<n 

here the constants cy/s are defined for all 1 < i,j, k < n and possess the property 
c ijk = —Cikj for ah hjik (in particular, cy-j — for all Define M by (jl.l|l : 

M = f P(M i2 , . . . , M n -i t „) where My(u) = (ay ■, u)ey ■. Explicitly if v = J2 P =i v p u p 
then 

M ij{ v ) = ( v i - ¥ji v j){ u i ~ <Pji u j) = K ~ <Pji v j) u i + ( V J ~ lfijVi)Uj. 

and 

(1.10) M(v) = ^UiVj Ifij ^ (°ijk +Cjki) + ^ c klJ Lp ik Lp kj . 

Remark 1.5. Note that My = Mji because exji = —ipjiOij and eji — —ipijeij. 
Nevertheless, since a and e enter the equation (jl.4[) separately, one has to choose 
the ordering of indices in every pair (i,j) used; the final result, of course, does not 
depend on the choice. We will write a[y] meaning ay or aji depending on the 
choice; the same for e. 

Remark 1.6. In particular, if tpij = 1 for all then M(v) = X)i<i< :( <fe<ri w ijkViUj 

def 

where Wijk = Cij k +Cj k i +Ckij- Note that Wijk is totally skew-symmetric in all the 
three indices, and therefore the operator M is skew-symmetric. In [TT] a beautiful 
formula for the Pfaffian of M was proved; see also [3j for a proof of the same formula 
using a technique close to Theorcm ll.il 

We call M the level 2 Laplacian of the bundle, by an apparent analogy with the 
operator defined by (jl.7| . Note that My and M k i commute if {i, j} n {fc, 1} = or 
= {kjl}, that's why P contains no terms like XijXki — Xkl%ij- 



OPERATORS OF RANK 1, DISCRETE PATH INTEGRATION AND GRAPH LAPLACIANS 7 



Application of Theorem 1 1.1 1 to the level 2 Laplacian gives the formula similar to 
(|1.8|) . where the summation is done over the set of triangulated polyhedra of special 
kind. 

A nodal surface is obtained from a smooth surface (a 2-manifold, not necessarily 
connected, possibly with boundary), by gluing a finite number of points. If the 
surface has boundary then boundary points also can be glued. A boundary of the 
nodal surface is still well-defined, but unlike the boundary of a smooth surface, 
it can be any graph, not just collection of circles. Nodal surfaces with boundary 
attracted much attention in recent years due to their connection with the geometry 
of moduli spaces of complex structures, see |12) . 

Depending on the surface, we will speak about nodal disks, annuli, Moebius 
bands, etc. 

A compact 2-dimensional polyhedron H is called reducible if it can be split into 
a union H — H\ U • • • U Hi where the polyhedra Hi are compact and edge-disjoint 
(but not necessarily vertex-disjoint!). Every reducible polyhedron is a union of 
irreducible components. 

A 2-dimensional polyhedron is called a cycle polyhedron if it is ireducible, home- 
omorphic to a nodal surface, and every its face is a triangle with exactly one side on 
the boundary. A 2-dimensional polyhedron is called a chain polyhedron, if the last 
condition is satisfied for all the faces except two. Each of these two faces has two 
sides on the boundary. One face is called an initial face; one of its boundary sides 
is marked an called an initial side. The other exceptional face is called a terminal 
one; one of its boundary sides is marked and called a terminal side. 

Choosing an orientation of a face of a cycle polyhedron is equivalent to ordering 
its sides: the first internal side, the second, the boundary side. For a chain polyhe- 
dron the rule is the same except for the initial and the terminal face. For the initial 
face the ordering is: the initial side, the internal side, the second boundary side; for 
the terminal face: the internal side, the terminal side, the second boundary side. 
Say that an orientation of two adjacent faces sharing a side a is compatible if a is 
the first internal side in one face and the second internal side in the other. 

Lemma 1.7. A cycle polyhedron is one of the following: 

(1) a nodal annulus where all vertices lie in the boundary; 

(2) a nodal Moebius band with the same property; 

(3) a disk (smooth) with a vertex in the interior joined by edges with all the 
other vertices, which lie on the boundary. 

A chain polyhedron is a nodal disk. 

For every cycle polyhedron there are exactly two ways to orient all its faces 
compatibly. For every chain polyhedron (where the initial and terminal sides are 
chosen) there is exactly one way to orient all its faces compatibly. 

See Section [231 for proof. 

Example 1.8. See Fig. [TJ The left-hand side is a cycle polyhedron (a nodal Moebius 
band with the node c), the right-hand side is a chain polyhedron (a nodal disk with 
the node c). Solid lines represent internal edges and exceptional edges {ab and 
ef at the nodal disk); dotted lines represent boundary edges. The graph G is 
drawn below; the cycle is directed clockwise and a line is directed left to right. The 
corresponding ordering of edges inside every face of H is shown by the numbers 
1,2,3. 
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a c d e 

( MHMHc L e)_ 
(b,c) (c,d) (ej) 



(c,d) (b,d) 

Figure 1 . A cycle polyhedron and a chain polyhedron 

Denote by CV n ,k the set of polyhedra with the vertices 1,2, ...,n., having k 
faces, such that every its irreducible component is either a cycle polyhedron or a 
chain polyhedron with compatibly oriented faces. By essi(-ff) denote the graph 
formed by the internal edges of H and initial and terminal edges of its chain com- 
ponents. The initial and the terminal edges themselves denote by Ii(H), . . . , I S (H) 
and Ti(H), . . . , T S (H), respectively. Let H e CV n ,k be such that the graphs 

H 1 d ^ e SSl (H) \ {h(H), ...,I S (H)} and H T d ^ ess x (ff) \ {T^H), ...,T S (H)} arc 
mixed forests. Let H(, . . . , H\ and Hj, . . . , Hj be connected components of H 1 
and H T , respectively, that are trees (the number of such components t = m—n — s, 
where m is the number of edges in H, is the same for both graphs). Choose in 
every tree a root rf e H\ and r| € Hj and consider a matrix M(H) such that 

M(H){ = J2 ^ 

AeLij 

where Lij is the set of paths joining r| with rf, and n\ is the number of vertices 
along the path A that belong both to H\ and Hj . 

For an oriented face F of a cycle or a chain polyhedron denote by Si (F) its «-th 
side (i = 1,2,3); by Vi(F) denote the vertex opposite to the side number i. The 
internal sides are directed away from their common point; direction of the boundary 
side is not important. 

Theorem 1.9. Let M be a level 2 Laplacian of a line bundle on a graph F. Then 

k,, ,k 



char M (i) =ELo(-!)W fe wh 



(1.11) 



Vk - ^2 il C «3(*)M*)t>2(*)( a M*)b e [s2(*)]) 

S 

det M(H) x J| Y[ 



HeCV n . k * is 

a face of H 



*J=1 (pq)£H lies 

in a path joining 
rf with T% 



See Remark II .51 for the notation Q!r si ], er S2 i. 



2. Proofs 
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2.1. Technical lemmas. Let H be a directed graph without loops or multiple 
edges. 

Definition ([9). A line bundle with connection on H is a function a number ifij ^= 
to every directed edge (i,j) of the graph. By definition, also take <fji = (fij ■ 

To explain the name, attach a one-dimensional space R (a fiber of the bundle) 
to every vertex and interpret the number ip^ as the 1 x 1-matrix of the operator 
of parallel transport along the edge Consider the space K™ (which can be 

interpreted as a total space of the bundle) with the standard basis ux, . . . , u n . For 

every i, j consider the vectors = f Ui — (fiijUj and = f Ui — ipjiUj. Denote by 
Ah and Eh the sets of vectors or e^, respectively, where runs through 
the edges of H . 

Introduce in W 1 a standard scalar product making u± , . . . , u n an orthonormal 
basis. For two sequences of vectors M = (fix, . . . , ^ik) and X = (£i, . • • ,£fc) of the 
same size k denote by G(M, X) the k x fc-matrix where the (i, j)-th entry is equal to 
the scalar product Call two sequences, M and M', elementarily equivalent, 

if M' can be obtained from M by a finite number of substitutions /i; n- pn + t/j,j 
where t is any number. The matrices G(M,X) and G(M',X) are also connected 
by elementary equivalence (a row is replaced by the sum of itself with a multiple of 
another row), and therefore det G(M,X) = det G(M',X); the same applies to X. 

Number the edges of H arbitrarily and consider the matrices Ph = f G{Ah,Ah), 

Qh == G(Ah,Eh), Rh == G(Eh, Eh)- The matrix element of Ph, Qh and 
Rh corresponding to the pair of edges s and t depends on their mutual position as 
follows: 

• If s and t do not intersect then the matrix element is zero. 

• If s and t have one common vertex b then the matrix element is equal to 
the product V's,aV't,a where 

1, if the edge r points away from the vertex a, 

— (p r , if the edge r points towards the vertex a 
Vv.a = \ and corresponds to the vector a, 

-(fir 1 ; if the edge r points towards the vertex a 
and corresponds to the vector e. 

• If the edges have two common vertices a and b then the product is equal 
to the sum ^ S)a Vt,o + tps,b^t,b- 

The most important cases later will be when H is a tree or a graph with one 
cycle Describe the determinants of Ph, Qh and Rh for such H. For a directed 
path A = (Ao, ■ • ■ , Afe) in the graph denote by (p\ the product <ySA Ai ■ • ■ PXt-i x k ■ 

Lemma 2.1. Let H be a rooted tree. Then 

(2.12) detP H = n^rE^A 

where the product is taken over all the edges of H directed away from the root, and 
and the sum, over all chains A joining vertices of the tree with the root. Similarly, 

det R H = I1^-&a 2 
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in the same notation. 



Proof. Clearly, the statements for Pg and Rh are equivalent, so consider the Pjj 
case. Since otji — tpjiCtij, changing the direction of an edge i— > (j, i) multiplies 
both sides of (|2.12l) by tp^. So, it is enough to prove the lemma for trees where all 
the edges are directed away from the root. 

Let p be a hanging edge of H and q, its parent. Then (a v , a p ) = l+<^p, (%>, a q ) = 
—ifq (the edge q is directed towards p, and p, away from q), and {a p ,a x ) = for 
all the other edges x. Develop the determinant det Ph by the row p and then by 
the row q; this gives a relation 

(2.13) detP H = (1 + l/Vp)detP H < - l/(p\ -&etP H » 

where H' and H" are H with p deleted and p and q deleted, respectively. 

Suppose by induction that the theorem is proved for H' and H" . Multiply both 
sides of (|2.13[) by ]J e ip 2 e where e runs through the set of edges of V. It gives 



JJifl dot P H = 



E^' 

A' 



vtf • E 



¥>A' 



A" 



where A', A" are chains in H' and if", respectively, joining vertices with the root. 
The first sum is over all the chains in L not containing p. The second sum is over 
all the chains containing p, plus the union of p with a chain in T" (because p is 
hanging). The third sum cancels the second term. □ 

Lemma 2.2. If H is a tree with m edges ( and m+1 vertices) then det Qh — m+l. 

Proof. Let be an edge of H . The graph H \ (i,j) is a union of two trees Hi 
and H2 containing vertices i and j, respectively. The matrix Qh looks like 



/ 



\ -<Pij 



1 



1 



1 













1 






-Vij 











Qh 2 



(we suppose that the edge corresponds to the first row and the first column). 

Denote the sizes of the first and the second block (i.e. the numbers of edges in 
Hi and H2) by mi and mi respectively (thus, m = mi +m2 + 1). Let p > mi > q. 
Then the last m,2 rows of the minor [Qiyji'p^i (deleted columns 1 and p + 1 and 
rows 1 and q + 1) have zeros at the mi initial positions; only the last m — 2 — mi = 
m,2 — 1 positions may be nonzero. Hence the rows are linearly dependent, so that 
det[Qff] ip+i = 0. The same is true if p < mi < q. Having det Qh decomposed 
by the first row and then by the first column, one is left only with the terms 
(Qj?)i,p+i(<3j?)q+i,i det [Qff] 1^+1 where either p, q < mi or p, q > mi + 1. In both 
cases (Qh)i, p +i(Q{j) 9 -h,i = 1, and therefore det Qh does not depend on ipij (recall 
that Qh! and Qh 2 contain no ip^ because neither Hi nor H2 have an edge 
Since is just an arbitrary edge of H, it proves that detQ# does not depend 
on any ip pq and is a constant. 



u r ) 



p r — Up U r — (^p ^q) (^Q 

3 qr , and the same is true for a. Suppose the tree H contains edges pq 



Suppose now that ip pq — 1 for all p and q. Then e 
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and qr. Consider a tree H' where the edge qr is replaced by pr\ then the systems of 
vectors Ah and Ah > , as well as Eh and Eh> , differ by an elementary transformation, 
and therefore det Qh = det Qh' ■ By such operations one can convert H into a line, 
i.e. a tree with the edges (po,pi), {p\,p2) 1 ■ ■ ■ , (p m -i,p m ). The matrix Qh for such 
tree is: (Qh)h = 2, (QH)i.i+i = (Qff)i.j-i = 1 for all i. An easy induction shows 
that det Qh = m + 1. □ 

Let now H be a graph with one cycle, i.e. a connected graph with n vertices 
and n directed edges. It consists of a cycle p±,...,p s and, possibly, some trees 
("antlers") attached to the vertices Pi. The direction of edges in the cycle and 
in the antlers can be arbitrary. Following [9], call the holonomy of the cycle the 

product w = f t^pjp, • • ■ ( Pp^ Pl where the i-th exponent is +1 if the corresponding 
edge is directed along the cycle (from pi to Pi+i) and —1 otherwise. 



Lemma 2.3. Let H be a graph with one cycle. Then 



detP ff = (l-w) 2 Y[tf J , 
det R H = (l-w -1 ) 2 !!^ 2 ' 



detQ H = -(1 - w)(l - to -1 ), 

where the product is taken over the set of all the edges in the antlers directed away 
from the cycle. 

Proof. The proofs of all the three statements are similar; here is the proof of the 
statement about Qh- 

Consider a system of vectors Ejp elementarily equivalent to Eh- To obtain Ejj 
from Eh replace every vector Si = f e PiPi+1 — u Pi — tp Pi+iPi u pi+1 , i = 1, . . . , s, with 
where 

(!) 4£ f _ _ 

^s — 1 — ^s — 1 T" t / ? p s ,p s _i^s — n s — 1 <Pp s ,p s _ 1 ( P Pl ,p s Ui, 
(1) dcf (1) 



-(1) 



- lf p2pi . . . <p pi ,p s ) = (1 - l/w)ui 



Consider also a system A^ obtained from Ah in a similar way. One has det G(E& , A 
Qh by elementary equivalence. 

If w = 1 then 4 X) = 0, so detQ H = det G{E^\A^) = 0, and the lemma is 
proved; we suppose from now on that w ^ 1. 

Consider now the sequence E^\ which is E^ with every replaced with 

£ f = £ f)-4 1 )/(l -l/w) = -v PitPi _ 1 u i . 

(2) (1) (2) (2) 

Consider also A H ' obtained from A y H ' in a similar way. The sequences Ew , A H ' 
are elementarily equivalent to Eff, A^\ so det G(E^ , A^ ) = Qh- 

Denote by Hi a subtree of H attached to the vertex pi, 1 < i < s, and let 
j3j = e qjTj , 1 < j < m,i be vectors in Eh (and E H ') corresponding to its edges. For 
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all edges attached immediately to pi (so that qj = pi) replace f3j t-> @S ' = j3j + 
e i L Ppi+i.Pi — "VrjptUry Then do the same for all the edges attached to endpoints 
of fif^ 1 , etc. Having done this for all i, 1 < i < s, one obtaines the system E' H = 
((1 — l/w)u\, —tpy 2 u 2 , ■ • • , —fimUm) elementarily equivalent to Eh- Similarly, Ah is 
elementarily equivalent to A' H = ((1 — w)uy, — tpy 2 u 2 , ■ ■ • , — fmiu m )- Now det Qh = 
det G(E' H , A' H ); the matrix G(E' H , A' H ) is a diagonal matrix with (1 — w)(l — l/w) 
in the corner and 1 in all the other positions on the main diagonal. □ 

Below we will need two more statements from the general linear algebra. 

Lemma 2.4. Let ei, . . . ,e n be an orthonormal basis in R™, and fa = Y] —1 CLij&j. 
Then det G(M,M) is equal to the sum of squares of all the k x k-minors of the 
matrix A = {aij)\^0^- 

The lemma is classical, see e.g. [5J IX§5] for proof. 

Let now M,X C R" be two linear subspaces of the same dimension k, and 
M = (fix, . . . , jUfc) and X = (^i, . . . , £&) be bases in them. Denote 

Z(M, X) d = det G(M, X) 2 /(det G(M, M) ■ det G(X, X)). 

Lemma 2.5. (1) Z(.M, X) depends only on the subspaces and not on the choice 
of the bases M and X in them. 
(2) Z(M ± ,X ± ) = Z(M,X). 

Proof. Let N = (v-y, . . . , Vf.) be another basis in Ai; denote by A — (a^) the 
transfer matrix: v t = £* =1 oyMj- Then G(N,X) = AG(M,X), and G(N,N) = 
AG(M, M)A*; so G(N, X) 2 /(det G(N, N)-det G(X, X)) = det A 2 det G(M, X) 2 /(det A 2 - 
det G(M, M) ■ det G(X, X)) = Z(M,X); the same is for X. 

Let now Mi, M.% C M™ be two spaces of equal dimension, and let M = {M\ U 
M 2 ) be their linear hull. Then Mj~ = M\' M © M ± , i = 1,2; here _!_ means an 
orthogonal complement in R", and (_L, 7W) means an orthogonal complement in M. 
Choose an orthonormal basis T = (ti, . . . , T q ) in M ± , and bases Aj = (A^ , . . . , Ap ') 
in Mf' M , i = l,2, normal to M" 1 . Denote Yy = (A^, . . . , A^, Ty, . . . ,r q ) and Y 2 = 
(Xy , . . . , Xp,Ty, . . . , T q ) are bases in My and A^j" , respectively. By the first state- 
ment of the theorem, Z(My,M^) = det G(Yy, F 2 ) 2 /(det G(Yy.Yy) ■ det G(Y 2 , Y 2 )). 
The matrix G(Yy, Y 2 ) is block diagonal; its first block is the matrix G(Ay,A 2 ), and 
the second block is the unit matrix G(T,T); thus detG(Yi,F 2 ) = det G(Ai, A 2 ). 
Similarly, detG(Yi,Yi) = detG(Ai,Ai) and det G(Y" 2 , F 2 ) = detG(A 2 , A 2 ). Hence, 
Z(Mi,M 2 L ) = Z(Mf' M ,M 2 L ' M ). 

Let now X = MyC\M 2 ^ 0. A similar choice of a basis shows that Z(Mi, M 2 ) = 
Z(Xy,X 2 ) where Xi = X^- Mi , i = 1,2. So, it is enough to prove the second 
statement of the theorem for the fc-dimensional subspaces My,M 2 C R" such 
that n = 2k and My n A-i 2 = 0, so that R™ = (My n M 2 ). To do this take an 

orthonormal basis ey, . . . , e 2 k in R" such that Xy = f (ei, . . . , e^) is a basis in My, 
and A 2 = f (et+y, ■ ■ ■ , e 2 k) is a basis in My. Let F = (/i, • • • , /fc) be a basis in 
M 2 , fi = J2j=y bijZj + CijCj+k. Since My n M 2 = 0, the matrix G = (cij)i<i<fc 
is nondegenerate. By elementary transformations of rows one can make G a unit 
matrix; assume that G = id from the very beginning, so that fi = Ylj=y bij e j+ e i+k- 

Then G(F, Xy) — B, and therefore det G(F, Xy) = A d = det B. By LemmaH the 
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determinant det G(F, F) is equal to the sum of squares of all fc x fc-minors of the 
k x (2fc)-matrix composed of two blocks, B and the identity k x fc-matrix. It is easy 
to see that the latter sum is the sum of squares of all the minors of B (of all sizes), 
including A 2 and 1 (the square of the empty minor) . 

Consider now the vectors hi — — + Y^j=i bjiej+k, i — 1, . . . , fc. Apparently, 
H = (hi, . . . , hk) is a basis in A^; a ^ so G{H,X%j = B T = G(F, Xi) T , and also 
det G(H, H) = det G(F, F) by Lemma EH This proves the lemma. □ 

2.2. Proof of Theorem 11.21 To apply Theorem 11.11 note that the polynomial 
P of (jl.6l) has degree 1, so every path involved should contain one vertex only. 
Therefore, the DOOMB G must be a union of k loops attached to the vertices 

(ii, ji ),..., (ife,ife)- So the summation is over the set of unordered fc-tuples (ix,jx), . . ■ , {ikijk) 
with 1 < i s , j s < N for all s. In other words, the summation is over the set of graphs 
F with the vertices 1,2, ... ,n and k unnumbered directed edges. 

Let F\,...,Fi be connected components of F. If the edges d\ and di belong 
to different components then (ad 1 ,ed 2 ) — 0. So the matrix Qf is block diago- 
nal, and detQ_F = detO^ ... det Qf ( - If F is a connected graph with m edges 
. . . , (i m ,jm) and jj, < m vertices then the vectors ei 1 ^ 1 , . . . , &i m ,j m belong 
to a vector space of dimension fi spanned by the corresponding basis elements u\. 
Therefore they are linearly dependent, so that det Qp = 0. Thus, if detQi? ^ 
then every connected component Fi of F should be either a tree (with /i = m + 1) 
or a graph with one cycle (fj, = m). So, F is a mixed forest. 

Theorem 11.21 now follows from Theorem 11.11 Lemma 12.21 and Lemma 12.31 

2.3. Proof of Theorem OA Apply Theorem O to the operator M of (fTTTTJI) . 

Like in Section l2~2l vertices of the graph G are pairs 1 < i < j < n, that 

is, edges of a directed graph with the vertices 1, . . . ,n. The polynomial P contains 
only terms XijXik', therefore if (a, b) is an edge of G then the pairs a — {i,j} and 
b = {i, fc} have exactly one common element. Represent such edge by a triangle 
ijk. Color its sides ij and ik (corresponding to the vertices of G) black, and the 
third side jk, red (they are shown as sold and the dashed lines, respectively, in 
Fig. [T]). Thus a graph G is represented by 2-dimensional polyhedron (call it H) 
with triangular faces and edges colored red and black so that every face has two 
black sides and one red side. The black edges of H form a graph denoted by essi (H) 
and called an essential 1-skeleton of H . 

If G consists of connected components G\,...,G S then the corresponding sub- 
polyhedra H\, . . . , H 8 of H are edge-disjoint but not necessarily vertex-disjoint; 
thus, H is reducible, and Hi, . . . , H s are its irreducible components. By Theorem 
II .11 every Gj is either an oriented cycle or an oriented chain. 

Let first Gj be an oriented cycle. In the corresponding Hi every black edge 
belongs to two faces and every red edge, to one face. Hence Hi is a nodal surface 
with boundary where every face has two internal sides and one boundary side. 
An orientation of an edge of Gi gives rise to an orientation of the corresponding 
face of H^, since the orientations of the edges in a cycle Gi are compatible, so 
are orientations of the faces in Hi. The graph Gi is connected, so the polyhedron 
Hi is irreducible. Hence, Hi is a cycle polyhedron. Conversely, if Hi is a cycle 
polyhedron, then Gi is connected and every its vertex has valency 2 — hence, Gi 
is a cycle. 
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In a similar manner one proves that Gi is an oriented chain if and only if Hi is 
a chain polyhedron. 

Proof of Lemma Let H be a cycle polyhedron with the vertices 1,2, ... ,n. 
Build the graph G such that the vertices of G are internal edges of H (elements of 
essi(-ff)), and two vertices are joined by an edge if the corresponding edges belong 
to a face. 

As proved before, the graph G is an oriented cycle where every vertex is marked 
by two indices (i,j), and the neighbouring vertices have exactly one common index. 
For every index i denote by Ki the set of vertices in G containing i as one of the 
indices. If for some i the corresponding Ki contains all the vertices, then the second 
indices j in all the vertices are pairwise distinct, and we have a disk described in 
clause [3] of the lemma. From now on suppose that for every index i there is at least 
one vertex of G not containing it. 

Every K{ is a union of several "solid arcs" K^i , . . . , Ki i3i (a solid arc is one vertex 
or a sequence of several successive vertices in a cycle) . Consider an auxiliary graph 
G' where for all i and p = 1, . . . , Sj the index i in the vertices in Ki tP is renamed 
into a new index i p . Thus, the polyhedron H is obtained from the polyhedron H' 
corresponding to G' by identification of some vertices. Thus it is enough to prove 
that if every Ki is one solid arc (but not the whole cycle) then the polyhedron H 
is an annulus or a Moebius band. 

Let G contain to vertices. Consider an auxiliary circle S 1 with to equidistant 
points oi, . . . , a m on it. Let Ki be a solid arc covering the vertices p,p + 1, . . . ,p + q- 
Define a subset Li C S 1 as an arc from a p to a p + q , including both endpoints. Every 
two neighbouring vertices in G have a common index i, so every point of every arc 
[a p , %>+i] belongs to some Li, hence (J Li = S . Triple intersections of different LjS 
are all empty; the intersections Li D Lj are either empty or one point. There are 
exactly m pairs with nonempty intersection, because Li are arcs. Thus, the Euler 
characteristics is 

o = xis 1 ) = x([j Li) = - 5>(£i n Lj). 

One has xi-^i) — 1 for all i and x(LiC\Lj) = 1 for to pairs i,j where the intersection 
is nonempty, and x(Li f~l Lj) = otherwise. So, the number of indices i, that is, 
the number of vertices of the polyhedron H, is equal to to. The total number 
of its faces is the number of edges in G, that is, m. Also H contains m red 
edges (one per face) and to black edges (corresponding to the vertices of G). Thus 
x(H) = m — 2m + m = 0, and H is either an annulus or a Moebius band. 

The proof in the chain case is similar. □ 

So, summation in the right-hand side of Theorem 11.11 for the charM(i) is per- 
formed over the set of nodal sufraces with boundary H = Hi U • • • U H m where the 
irreducible components H\, . . . ,H S are either cycle polyhedra or chain polyherda. 

The weight Wp{H) of a polyhedron is equal to the product of the weights of the 
faces. The weight of a triangular face pqr where pq is the first internal edge, pr, 
the second, and qr, a boundary edge, is equal to c pqr (atp q -\, er^i). So, the second 
factor is equal to 1, —<p pq , —<~p pr or ip pq (p pr depending on how the edges pq and pr 
are directed. The weight of H is W P {H) = W P (Hi) . . . W P (H m ). 

Let Hi , . . . , H s be chain polyhedra with the initial edges L\ (H) , . . . , I s (H) and 
the terminal edges T±(H), . . . , T S (H), and H s+ i, . . . , H m be cycle polyhedra. The 
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determinant in ([L4| is equal to det G{A H i , E h t) where H 1 = f essi(H)\{Ii(H), . . . , I S {H)} 

and H T = f essi(H) \ {Ti(H), . . . , T S (H)}. In particular, if the determinant is 
nonzero, then e^, z ^ I\(H), . . . , I S {H), as well as ctj,j ^ Ti(iJ), . . . ,T S (H), arc 
linearly independent. According to Section 12.21 this implies that the graphs H 1 
and H T are mixed forests. 

Thus, equation (|1.4j) for the case considered looks as follows: if M is the level 2 
Laplacian then charM(t) = Sfc=o(~l)Vfc^ fc where 
(2.14) 

^ = n 

c t) 3 (*)fi(*)f2(*)( Q: [si(*)]i e [s 2 (*)]) x detG(A H i , E h t) 

HeCP n , k * is 

jtI i ttT a face of H, 
H and H arc ' 

mixed forests 

The determinant al term in ()2.14|) can be simplified using Lemma 12.51 
(det G(A H , , £ h t )) 2 = Z((A H : ) , (E h t)) ■ det G(A ff , , A H , ) dct(i? H T , E h t ) 

= ^((A^)- 1 , (Eht^)- det G(A H1 ,A HI )det(E H T,E HT ) 
_ detG(A' Hl ,E' HT ) 2 
(2.15) ~ det G(A' HI ,A' HI ) det G(E' HT ,E' HT ) 

x detG(A H /, A ff /)dct(£' H T,i; ff T); 

here (X) mean the subspace in K™ spanned by X, - 1 means an orthogonal comple- 
ment, and A' Hl , E' RT are bases in {A H i)^ and (E h t)^ : respectively. 

By Lemma 12.51 the formula above is true for any choice of the bases A' H , , E' HT ; 
below we describe orthogonal bases the most convenient for our purposes. For 
any graph G denote by C{G) the set of its connected components. Let CiH 1 ) = 
{H[, . . . , Hi) and C(H T ) = {Ff, . . . , Hj}; denote by V/ C l n and V t T C R n the 
subspaces spanned by the vertices of H- and Hj ', respectively. Then 

i=l 

where the summands are pairwise orthogonal; the same is true for E H t . 

Every U\ and Hj is either a tree or a graph with one cycle; choose a root in 
every tree component and denote it by rf and rf , respectively. 

Lemma 2.6. If H is a tree with a root r, then the spaces (Ah)^ and {Eh) ± 

have dimension 1 and are spanned by vectors bn = ^„ u<|5ur and Jh = E« u ^™i 
respectively, where the summation is over the set of vertices of H , and ur, ru are 
paths joining u with r and r with u. 

If H is a graph with one cycle with monodromy then {Ah) = {Eh) = R 71 - 

Proof. Let H be a tree. The spaces {Ah) and {Eh) are spanned by n — 1 vectors 
in R n ; the vectors are linearly independent by Lemma [2.21 Hence, dim(A^f) ± = 
dim(i?ff) ± = 1. Apparently, (&# , o^ ) — and (fn,eij) = for any edge ij of H, 
and the first statement follows. 

The second statement follows from Lemma \2. 31 □ 



The number of rows and columns of the matrix G(A' HI , E' RT ) is equal to the 
number of tree components of the graphs H 1 and H T . If H\ is a tree compo- 
nent of H 1 and Hj is a tree component of H T , then, obviously, G(A' Hl , E' HT )\ = 
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(b H i , f H r) = X^AeLij Va^a = M(H)j (recall that Lij is the set of paths joining r| 
with rf and n\ is the number of vertices along the path A that belong both to H\ 
andflj). 

Lemmas 12.61 and 12.11 imply now that 

s s 

det G{A h i,E h t) = dct M(H) x J] ["[ <p pq x J] JJ ^ 

i=l (pq)eHl looks 3 = 1 (pq)eHj looks 

away from j-f away from r? 

s 

= det Af(fl) x JJ J] 

*)J=1 (pq)&H lies 

in a path joining 
with r| 

and Theorem 11.91 is proved. 
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